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Postbuckling Behavior of a Thick Plate

Lien-Wen Chen* and Ji-Liang Doong¥
National Cheng Kung University, Tainan, Taiwan R.O.C.

The postbuckling behavior of a simply supported rectangular thick plate subjected to arbitrary loading
conditions is investigated. The applied stress is taken to be a combination of a pure bending stress plus an ex-
tensional stress in the plane of the plate. Governing equations based on von KArman assumptions are used to
solve the postbuckling problem by the Galerkin method. Buckling loads are obtained to compare with the results
of Brunelle and Robertson. Postbuckled deflection is shown to increase with the transverse isotropic coefficient
S, and the effects of the in-plane bending stress are found to be quite significant for a thick plate.

Nomenclature

a,b = plate lengths in x and y directions,
respectively

D* =modulus of rigidity of plate

E =modulus of elasticity

G =shear modulus

G = transverse shear modulus

h =plate thickness

K =in-plane compressive stress coefficient,
K=12b*N_/(x?h?’D)

M, M, M, =bending moment

»N,,, N, = stress resultant

r =aspect ratio, r=a/b
S =transverse isotrqQpic parameter,
S=Dh/b*G* = Eh?/G*b*(1 —v)
uu, =in-plane displacement
w =transverse deflection, and W=w/h
X15X2,X;3 = Cartesian coordinates ,
=ratio of bending stress to normal stress,
. B=0,/0,
&2 ' =shear correction factor, «2 =72/12
V. ‘ = Poisson’s ratio, y=0.30
o =density
¥y, =angular changes of lines initially normal to

the neutral surface

Introduction

T is ‘well known that an elastic flat plate subjected to in-
plane compressive loading undergoes-a primary buckling
from an initial undeflected equilibrium state. This primary
-buckling state is generally a stable symmetric branching point
and, in the postprimary buckling range, this plate is able to

carry a greater load as the amplitude of deflection increases.

The postbuckling behavior of rectangular plates has been the
subject of a great deal of study for many years. Numerous
theoretical analyses'-# have been formulated and a variety of
experimental investigations®!! have been undertaken to
examine the phenomena. All of these investigators were
concerned primarily with in-plane compressive stresses and
most of their studies applied the thin-plate theory. Research
work dealing with the postbuckling behavior of a transversely
isotropic thick plate in an arbitrary state-of-stress field is not
found in the literature.
Brunelle and Robertson!? used the average stress method
_and the variational method to derive the linear equations of
motion for a thick plate in an arbitrary state of initial stress.
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The authors have derived the nonlinear equation!® on the
basis of von Kdrmdn’s assumption by using the average stress
method to study the large-amplitude vibration problem.

In the present work, previously derived equations are used
to study the postbuckling behavior. These equations are
solved by the Galerkin approximate method. The post-
buckling problems of a simply supported thick rectangular
plate subjected to in-plane normal and bending stresses are
studied and the influences of various parameters of post-
buckling behavior are investigated.

The Governing Equations
We shall consider a body in a state of nonuniform initial
stress in static equilibrium and subjected to a time-varying
incremental deformation. Following a technique described by
Bolotin,* Brunelle and Robertson!? derived the following
equations by using the perturbing technique,

(0yi5;) + [8; (8 +ug;+i,;) 1, +AX, + X, —pt; =0 (1)

P +AP = [o i, ;+0,; (8, +ug;+ig;)]n, )

s,

The incremental displacements are assumed to be of the
following

U (Xp,%5,X3,8) =u; (X),X5,1) +X3¢1 (x1:x2:t)‘ 3)
Uy (X)3X0,X3,0) Uy (X1, X5,1) + X33, (X),%5,1) @
1'23 (x]’x2)t)=w(x1)x2:t) (5)

It is assumed that the initial displacement gradients are so
small that the product &;u ; can be neglected. For the plate
theory of large deflection the von Kidrmdn assumptions are
employed. Therefore, the perturbated displacement gradients
are also so small that the terms ;4 ; may be dropped except
for &;,u; ;, and G,,u; ,. By using stress-displacement relations
and the average stress method, the nonlinear governing
equations of a transversely isotropic thick rectangular plate
derived by the authors!® will be employed to study the
postbuckling phenomena.

In the equations of motion to follow, the nomenclature is

N, =fo;,dx;, Ny=5022d'x3
N, =fo55dx;, ny=5"12dx3
Q,=fo;;3dx;, Qy=5‘723dx3

' Q3 ={x;0,3dx;,
M, =fo,x;dx;,

o= §x50,5dx;
M,= §o50x5dx;, M, = §o2x5dx;

* .2 * 2 —_
Mt ={o,,x3dx,, My =To,,x3dx;, My, =fo,,x3dx;
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D=Eh/(1—»?) D*=En%/12(1—-v?) Gh*/12=D*(1— v)/?

AF,, =[AP,dx;, F,,={P,dx;
AM,, =[AP,x;dx;, M,, =[P, x;dx;
AF,,=[AP,dx;, F, ={P,dx;
AMntszPtx.?dx.?’ M, =P x;dx;
AF,; =[AP;dx;, Fn3=§153dx3

where all integrals are from — A/2 to h/2.
The x; extension equation is

D(uy, + V5wl +ouy, +vlewd) 4+ Gh(u,,+uy +w,w,)

+ Ny + My +Nyuy , + MYy, + Y, Q;:) N
+ (Nyuy , + My, + Ny + Moy, +¥,0,) 2 +f=ohil,
(6)

where
h/2 _ .
fx=S_h/2 (X;+AX,)dx; +u; ;(0f—0o3;)
h h _
+ 51//1,1(03*} +03;) +u1,2(a;§—03‘2)+§\//1,2(035+032)

+¥, (0 —05) +83 ~ 635

The (+) and (—) imply that the stresses are evaluated at the

top and bottom faces of the plate, respectively. The stresses
with an overbar are due to the load causing the incremental
deformation. Similar definitions hold for the remaining
equations. :
The x, extension equation is
Gh(uy;+uy +w,w,) +D(uy, +ou,  +Yows + Vivw?)) ,
+ Ny + My + Nty , + MYy, + Q03
+ (N, , + My, , + Ny  +M ¥, +QY),) , +f, =phii,
[
where
2o
fy;S_m (X, +AX,)dx; +uy ; (0F,—03;)
h + ~ + = h + =
+ 3 Vo (05 +05) +uy, (0 —03) + 3 ¥i2(0h+03)

+¥,(0f—053)+55—05

The shear force equation is

D(e,+ve,)w +ZGh'yw,k,2 +D(ve, +€,)W
+D(¢, +ve2)’,w,1 +Ghy ,w ; +D(ve, .+62)J2W,2
+Ghy W, + 2GR (Y, +w )+ (Y +w,) 5]

(N W +Now,) j+ (Nyw  +N,w),) ,+g=phw  (8)
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where

w2
7= S 1% (Xs+8X5)dx; +w  (0f;—05) +w, (05 —03)

- - - Prap— —+ -
+of—o05+w,(55—-05)+w,(65—03)
e, =1, + VW, €=y, +Vawh, y=ug iyt w W,

The x; moment equation is

%

D ) .
D*(¢1,1+V¢2,2),1 + ‘é‘ (I~v) (‘p1,2+‘//2,1),2

+ (Mo, M, A Mu, ,+ My, ,+ 05,
F (Myuy  + Moy, M, , + M3y, ,+O5)

+ (Myuy,; +My Y, +Mu,, +Myy, .+ o) 2
—Quu;  — Q. — Qi — Q’;\lﬁ,z __Nz\bI
oh’ .
—KZG*h(ll/1+W,])+mx= 71!/1 (9)
where
hi2 B h
m=| (K AX x5 [u1,1(6;f1+a3—,)
h P P
+ 3 Vi (oh—o5n) +u(ah+op)+ 3 ¥y,2(05—03)
+¥,(cf+03) +&,+3+a,—3]
The x, moment equation is

D* '
> U=») (Pyp+¥s,) ¥ D* W+ 0¥, ) 2

+ (Mo, + My +Mu, , + MY, , +O5Y))
+ (M, u,, +M;y¢2,1 +Myu2,2.+M;\//2’2 + Q;‘l/z),z
—Quy, — Q1 —Q Uy, — O, —-N.¥,

oh? .
—KZG*h(lIJ2+W,2)+my=E¢2 . (10)

where
w2 - A
m,= S_m (X +AX,) 3,06+ 5 [(0;} +o5)uy,
K - L RO
+ 3 (03 =05+ (0 +05)uy, + 2 (0, —03)¥,,

+(a3’g+a3‘3)\[/2+53§+62‘3]

Boundary conditions are derived as the same procedures of
governing equations, and the five boundary traction con--
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ditions are
an +AF,, =N,u, .+ MY, .+ Ny, +M, ¥, +0O,¥,
+D(u, ,+ w2 +ou,,+ Zuwf,)
Fnt+AFnr=Nnut,n+Mn¢t,n +Nyu My + Q¥
+Gh(u,, +u,,+w,w,)
F,;+AF,;=D(u,,+%w?, +vu, + Y%rwi)w,
+Gh(u,, +u,,+w,w )w,+Nw, +N,w,

+KZG*h(¢”+w‘n) an

Mnn + AM:m :Mnun,n +M;¢n,n +Mntun,t +M;t¢n,t + Q;\[/n

+D* (’»bn,n + m/’t,t)

Mnt +AM,, =M,u,, +M;¢t,n +Mntu;,t +M:t¢t,t+Q:‘fl/t
D*
+ 7 (I_V) (¢n,t+¢t,n)

Alternative displacement boundary conditions are

un = urm’ ut = unt’ w= wn3-' 1'[/n = ll[/nn, 1pt = ‘pnt (12)
where the quantities on the right-hand sides are prescribed
and the subscripts # and ¢ denote the normal and tangential

directions of the plate’s edge, respectively.

Example Problem

We consider a simply supported rectangular plate in a state
of arbitrary edge loading. The state of applied stress is

0, =0, +2x50,,/h ’ (13)
o,, and o, are taken to be constants. It is comprised of a
compressive plus a bending stress (see Fig. 1). The only
nonzero stress resultants are
N,=ho,, M,=h?0,,/6, Mt=Hh0,/12 (14)
Lateral loads and body forces are taken to be zero
Fory@mMym, =0 s
The equations of motion [Egs. (6-10)] are éimplified to
MY+ Nty 1+ Dy g+ iy +w W +ow,w ,)
+ Gh,(uuz FUp i FWoW W W ) =0
MYy s+ Nty 1+ Gh(uy gy +tiy 1+ W W+ W oW )
+D(uypp+ vty p+Wow pHvw W) =0 (16)
D(e;+vey)w ;; +2Ghyw j, +D(ve; +¢,)
+D(e;+vey) ;w,;+Ghy ,w,+D(ve;+€,) ,w,
+Ghy W, +Nw ; +2G*h(Y  +w ;)
+1K2G*h (Y + W ,) =0

MY+ My +D* (Y + v, )

Gh3
W12+ ¥52) —K2G*h(Y; +w ;) =0

+__
12
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Fig.1 The Eectangular plate and the applied stress field.

- Gn’
M, + My, + 2 (V1,20 +¥211)

+D*(Yy 0+ 1Y) 1) —K2G*h(Yy+w,) =0

For the simply supported plate the boundary conditions
are, onthe x, constant edges,

w=0, ¥,=0, u,=0
Ey+AF; =M, + Ny +D(uy +vuy,
+ Vw4 Vovwy) =0 an
My +AM, =My, + M, +D* (b +vd,,) =0
and, on the x, constant edges,
w=0, ¥,=0, u,=0
Fyy+AFy =My, ,+ Ny, +D(uy,+ iy,
+ Uwh + Voyw? ) =0 (18)

My, +AM,, =M, , + M, , +D* (Y5, + v, ) =0

The following assurﬁed displacement function will satisfy
the geometric boundary conditions [Eqgs. (17) and (18)]

mwx; ., nTX,
U 1y €OS —sin —=
a

=
2
1l

3
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The three terms of Galerkin’s approximate method are used
to solve the nonlinear problems. The resulting nonlinear
system equations are solved by Newton’s algorithm method.
All of the nondimensionalized parameters are listed in the
nomenclature.

The buckling load K, can be obtained and the results are
compared with Brunelle’s solutions. The postbuckled trans-
verse deflections are calculated and the effects of various
parameters studied. . :
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X Present result
— Brunelle’s result

-3.5’—

~3.0+

-2.5 1 L | | | | | 1
1.0 20 3.0 4.0
r=a/b
Fig. 2 Comparison of Brunelle’s results with present results
(a/h=10,5=0.05, 3=0). :

1.0}
w 0.8 Thick plate
+ |
0.6} A(W/hy
| approximate constant
o4l for —K>7
- | Thin plate
0.2}
0.0

L2 3 4 5 3 7 8 9 o i
~-X

Fig. 3 Relation between postbuckling loads and central deflections

for thick and thin plates (thick plate: a/h=10, §=0.05, r=1, 3=0;

thin plate: a/2 =100, §=0.0001, r=1, 3=0).

Results and Discussion
Many parameters have effects on the postbuckling
behavior. For verifying the accuracy of present results, the
buckling loads with no bending stresses are the first to be
considered and the. results ae compared with Brunelle’s!?
results. . Figure 2 plots K, for various aspect ratios of

Brunelle’s results: a/h, S, and 8 are 10, 0.05, and O,

respectively. It can be seen that the K, values calculated by
the present formulations coincide with Brunelle’s.

In the Fig. 3 plots of K vs W, a/h, S, and r are 10, 0.05, and
1 for a thick plate and 100, 0.0001, and 1 for a thin plate,
respectively. The effects of shear deformation can be ob-
served from the differences in the deflections between thick
and thin plates. From Fig. 3, the deflections of the thick plate
are larger than those of the thin plate and the differences are
approximately constant for K larger than —7.0.

Figure 4 shows the effect of aspect ratio r. The deflection
increases with the increasing aspect ratio. The relationship of
Sto Wis shown in Fig. 5, where r, a/h, and § are equal to 1,
10, and 0, respectively. It is seen that the larger the transverse
isotropic coefficient S is, the larger the deflection is. This
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0.0 i | | 1 1 1 ! L L L
10 12 14 16 18 20 22 24 26 28 30

K/Ker

Fig. 4 Central deflection vs postbuckling load for various values of r
(a/h=10,5=0.05, 8=0).

O.1+ a
- .
0.0 TR T T I TUU SU TN SNT S NN T ! Lo 1
-4 -5 -6 -7 -8 -9 -10 -1l -2
K :
Fig.5 Central deflection vs postbuckling load for various values of §
(a/h=10,r=1,8=0). '

means that the postbuckled strength will decrease when the
transverse shear resistant is small. )

Plots of W vs K/K,, for various values of 8 are shown in
Fig. 6 where r, S, and a/h are equal to 1, 0.05, and 10,
respectively. The bending stress effects are shown to increase
the deflection when 3 is positive.
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Fig. 6 Central deflection vs postbuckling load for various values of §
(a/h=10,5=0.05,r=1).
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Fig. 7 Central deflection vs §8 for thick #nd -thin plates when
K/K, =22 (thick plate: a/h=10, §=0.05, r=1; thin plate:
a/h=100,5=0.0001, r=1).

0 5 10 15

For comparison, the effect of bending stress on post-
buckling behavior of thick and thin plates K/X, is chosen to
2.2. Plots of W vs 8 are made in Fig. 7 for thick plates and
thin plates, respectively. It can be seen that the bending stress
coefficient 8 has little effect on thin plates, but significant
effects on thick plates.
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Conclusions

The preliminary results indicate that:

1) Using the present method, it is possible to obtain the
same buckling load as Brunelle.

2) The thick plate buckles at a lower — K than the thin plate,
and the postbuckled deflection of the thick plate is larger than
that of the corresponding thin plate.

3) The postbuckled deflection of the plate increases when
the aspect ratio increases.

4) Deflection increases with transverse isotropic coefficient.

5) The deflection decreases with the increasing bending
stress coefficient; the effects are significant for thick plates.

The results presented do not cover all of the possible cases
for this problem. However, they do indicate some of the many
interesting effects that can be- studied with the present .
equations. The postbuckling problems involving various
boundary conditions and various edge-loading distributions
of thick plates are still to be investigated. Particularly in-
teresting are problems of the effects of nonconservative forces
on the postbuckling behavior.
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